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Section 6: Collusion

Profit Expression

To show that

B(h, t1;h, t2)−B(φ(t1), t1;φ(t2), t2)

=

∫ v

v

∫ RHH(v)

Rt1t2 (v)

∫ Rt1t2 (v)

ct1

(c2 −Rt1t2 (v)) dFt1 (c1) dFt2 (c2) dG (v)

+

∫ v

v

∫ RHH(v)

Rt1t2 (v)

∫ c2

Rt1t2 (v)

(c2 − c1) dFt1 (c1) dFt2 (c2) dG (v)

+

∫ v

v

∫ ct2

RHH(v)

∫ Rt1t2 (v)

ct1

(RHH (v)−Rt1t2 (v)) dFt1 (c1) dFt2 (c2) dG (v)∫ v

v

∫ ct2

RHH(v)

∫ RHH(v)

Rt1t2 (v)

(RHH (v)− c1) dFt1 (c1) dFt2 (c2) dG (v) ,
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Welfare Expression

Expected total welfare under competition is

q

[
2b

∫ cL

cL

∫ v

R−1L (c)

(v − c) dG (v) dFL (c) + (1)

(1− b)
∫ cL

cL

∫ cL

cL

∫ v

R−1LL(min{c1,c2})
(v −min {c1, c2}) dG (v) dFL (c1) dFL (c2)

]

2q(1− q)
[
b

∫ cL

cL

∫ v

R−1L (c)

(v − c) dG (v) dFL (c) +

(1− b)
∫ cH

cH

∫ cL

cL

∫ v

R−1LH(min{c1,c2})
(v −min {c1, c2}) dG (v) dFL (c1) dFH (c2)

]

+(1− q)2
[
b

∫ cH

cH

∫ v

R−1H (c)

(v − c) dG (v) dFHc+

(1− b)
∫ cH

cH

∫ cH

cH

∫ v

R−1HH(min{c1,c2})
(v −min {c1, c2}) dG (v) dFH (c1) dFH (c2)

]

Expected total welfare under collusion is

q2

[
b

∫ cL

cL

∫ v

R−1H (c)

(v − c) dG (v) dFL (c) + (2)

(1− b)
∫ cL

cL

∫ cL

cL

∫ v

R−1HH(min{c1,c2})
(v −min {c1, c2}) dG (v) dFL (c1) dFL (c2)

]

+2q(1− q)
[
b

(
1

2

)∫ cL

cL

∫ v

R−1H (c)

(v − c) dG (v) dFL (c) +

(
1

2

)∫ cH

cH

∫ v

R−1H (c)

(v − c) dG (v) dFH (c)

]

+2q(1− q)(1− b)
[∫ cH

cH

∫ cL

cL

∫ v

R−1HH(min{c1,c2})
(v −min {c1, c2}) dG (v) dFL (c1) dFH (c2)

]

+(1− q)2
[
b

∫ cH

cH

∫ v

R−1H (c)

(v − c) dG (v) dFH (c) +

(1− b)
∫ cH

cH

∫ cH

cH

∫ v

R−1HH(min{c1,c2})
(v −min {c1, c2}) dG (v) dFH (c1) dFH (c2)

]
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Subtracting (1) from (2) gives us the change in expected total welfare due to collusion.
Re-arranging and simplifying this expression yields

∆(q) ≡ q2

[∫ min{cL,RH(v)}

cL

∫ v

R−1H (c)

(v − c) dG (v) dFL (c)− (3)

∫ min{cL,RL(v)}

cL

∫ v

R−1L (c)

(v − c) dG (v) dFL (c)

]

+2q(1− q)
[(

1

2

)∫ min{cL,RH(v)}

cL

∫ v

R−1H (c)

(v − c) dG (v) dFL (c) +(
1

2

)∫ min{cH ,RH(v)}

cH

∫ v

R−1H (c)

(v − c) dG (v) dFH (c)−∫ min{cL,RL(v)}

cL

∫ v

R−1L (c)

(v − c) dG (v) dFL (c)

]

If b = 1 then

∆(q) = q2

[∫ cL

cL

∫ R−1L (c)

R−1H (c)

(v − c) dG (v) dFL (c)

]
(4)

+2q(1− q)
[(

1

2

)∫ cL

cL

∫ R−1L (c)

R−1H (c)

(v − c) dG (v) dFL (c) +(
1

2

)∫ cH

cH

∫ v

R−1H (c)

(v − c) dG (v) dFH (c)−(
1

2

)∫ cL

cL

∫ v

R−1L (c)

(v − c) dG (v) dFL (c)

]
.

Next assume the distributions in Section 6. In that case,

RL(v) =

(
α

α + 1

)
v and R−1L (c) =

(
α + 1

α

)
c

RH(v) =

(
β

β + 1

)
v and R−1H (c) =

(
β + 1

β

)
c.
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(4) becomes

∆(q) = q2

[∫ β
β+1

0

(∫ 1

(β+1β )c
(v − c) dv

)
αcα−1dc−

∫ α
α+1

0

(∫ 1

(α+1α )c
(v − c) dv

)
αcα−1dc

]

+2q(1− q)
[(

1

2

)∫ β
β+1

0

(∫ 1

(β+1β )c
(v − c) dv

)
αcα−1dc+

(
1

2

)(∫ β
β+1

0

∫ 1

(β+1β )c
(v − c) dv

)
βcβ−1dc−

∫ α
α+1

0

(∫ 1

(α+1α )c
(v − c) dv

)
αcα−1dc

]
.

This is the expression that is evaluated in Figure 2.

Section 7: Collusion for a Class of Parametric Dis-
tributions

As all buyers approach only one seller, optimal reserve prices (depending on the
seller’s revealed type) are

RL(v) = arg max
R

(v −R)FL(R) = arg max
R

(v −R)Rα ⇒ RL(v) =

(
α

α + 1

)
v.

RH(v) = arg max
R

(v −R)FH(R) = arg max
R

(v −R)Rβ ⇒ RH(v) =

(
β

β + 1

)
v.

It can be shown that a buyer’s expected utility is ααvα+1

(α+1)α+1
and ββvβ+1

(β+1)β+1
from a low-

cost and high-cost seller, respectively. Given α < β, expected utility is higher from a
low-cost seller so a buyer prefers to solicit a bid from that seller type.
It is straightforward but tedious algebra to show that (12) (from the paper) takes

the form in (24). Let us show that if α < β then the RHS of (24) exceeds the
LHS. First note that the denominators are positive because β

β+1
> α

α+1
. Letting
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C ≡ βα+1

(β+1)α+1
, and D ≡ ββ+1

(β+1)β+1
, E ≡ αα+1

(α+1)α+1
, and F ≡ αβ+1

(α+1)β+1
, (24) becomes

C − 2E

C − E ≤
D − 2F

D − F ⇐⇒ (C − 2E)(D − F ) ≤ (C − E)(D − 2F )

⇐⇒ CD − 2ED − FC + 2EF ≤ CD − ED − 2FC + 2EF

⇐⇒ FC ≤ ED ⇐⇒ αβ+1

(α + 1)β+1
βα+1

(β + 1)α+1
≤ αα+1

(α + 1)α+1
ββ+1

(β + 1)β+1

⇐⇒ αβ−α

(α + 1)β−α
≤ ββ−α

(β + 1)β−α
⇐⇒

(
α

α + 1

)β−α
≤
(

β

β + 1

)β−α
which holds because β > α and β

β+1
≥ α

α+1
.

Next we prove that if α < 1 then E
[
πcoll

]
> E [πcomp]. Under competition, the

ex-ante expected profit for a seller is

E [πcomp] =q
(

1− q

2

)∫ 1

0

∫ α
α+1

v

0

(
α

α + 1
v − c

)
αcα−1dcdv

+ (1− q)
(

1− q
2

)∫ 1

0

∫ β
β+1

v

0

(
β

β + 1
v − c

)
βcβ−1dcdv

E [πcomp] = q
(

1− q

2

)( αα+1

(α + 2)(α + 1)α+2

)
+(1−q)

(
1− q

2

)(
ββ+1

(β + 2)(β + 1)β+2

)
.

(5)
The expected collusive profit is

E
[
πcoll

]
=

1

2

∫ 1

0

[
q

∫ β
β+1

v

0

(
β

β + 1
v − c

)
αcα−1dc+ (1− q)

∫ β
β+1

v

0

(
β

β + 1
v − c

)
βcβ−1dc

]
dv

E
[
πcoll

]
=

1

2
q

1

(α + 1)(α + 2)

(
β

β + 1

)α+1
+

1

2
(1− q) 1

(β + 1)(β + 2)

(
β

β + 1

)β+1
.

(6)
We require (6) > (5) which can be shown to be equivalent to

q

(
ββ+1

(β + 2)(β + 1)β+2
− αα+1

(α + 2)(α + 1)α+2

)
(7)

<
ββ+1

(β + 2)(β + 1)β+2
− 2

αα+1

(α + 2)(α + 1)α+2
+

1

(α + 1)(α + 2)

(
β

β + 1

)α+1
If ββ+1

(β+2)(β+1)β+2
− αα+1

(α+2)(α+1)α+2
> 0 then (7) becomes

q < 1 +

1
(α+1)(α+2)

(
β
β+1

)α+1
− αα+1

(α+2)(α+1)α+2

ββ+1

(β+2)(β+1)β+2
− αα+1

(α+2)(α+1)α+2

.
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As the RHS is always greater than 1, this condition holds. If instead ββ+1

(β+2)(β+1)β+2
−

αα+1

(α+2)(α+1)α+2
< 0 then (7) becomes

q >

ββ+1

(β+2)(β+1)β+2
− 2 αα+1

(α+2)(α+1)α+2
+ 1

(α+1)(α+2)

(
β
β+1

)α+1
ββ+1

(β+2)(β+1)β+2
− αα+1

(α+2)(α+1)α+2

. (8)

By assumption the denominator is negative. Letting Λ(β) denote the numerator,
note that Λ(α) = 0 and it can be shown that Λ′(β) > 0 when α < 1. Hence,
Λ(β) ≥ Λ(α) = 0 which implies the RHS of (8) is negative in which case it is always
true. Thus, a suffi cient condition for collusion to be profitable is that the low-cost
distribution is concave: α < 1.
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